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THE MINIMAL FREE RESOLUTION OF A STAR-CONFIGURATION IN Pn
JUNG PIL PARK AND YONG-SU SHIN∗
ABSTRACT. We find the minimal free resolution of the ideal of a star-configuration in Pn of type (r, s) defined
by general forms in R = k[x0, x1, . . . , xn]. This generalises the results of [2, 9] from a specific value of r = 2
to any value of 1 ≤ r ≤ n. Moreover, we show that any star-configuration in Pn is arithmetically Cohen-
Macaulay. As an application, we construct a few of graded Artinian rings, which have the weak Lefschetz
property, using the sum of two ideals of star-configurations in Pn.
1. INTRODUCTION
Let R = k[x0, x1, . . . , xn] be an (n + 1)-variable polynomial ring over an infinite field k of any charac-
teristic, and I a homogeneous ideal of R (or the ideal of a subscheme in Pn). Then the numerical function
H(R/I, t) := dimkRt − dimk It
is called a Hilbert function of the ring R/I . If I := IX is the ideal of a subscheme X in Pn, then we denote
the Hilbert function of X by
HX(t) := H(R/IX, t).
A star-configuration has been studied to calculate the dimension of the secant variety to a variety of
reducible forms in R. In [14], the authors first introduced it as extremal points sets with maximal Hilbert
function and as the support of a family of
(s
2
)
fat points. Other applications of such star-configurations have
been studied in the work of [4, 6, 7, 9, 17, 18]. In [3], the authors proved that if F1, . . . , Fs are general forms
in R and
F˜j =
∏s
i=1 Fi
Fj
for j = 1, . . . , s,
then ⋂
1≤i<j≤s
(Fi, Fj) = (F˜1, . . . , F˜s).
They called the variety X in Pn of the ideal (F˜1, . . . , F˜s) a star-configuration in Pn of type (2, s) defined by
general forms F1 . . . , Fs. In this paper, we generalise the definition of a star-configuration in Pn as follows:
Let F1, . . . , Fs be general forms in R and let 1 ≤ r ≤ min{s, n}. Then the variety X of the ideal⋂
1≤ii≤···≤ir≤s
(Fi1 , . . . , Fir )
is called a star-configuration in Pn of type (r, s) defined by general forms F1, . . . , Fs. Furthermore, if
F1, . . . , Fs are all general linear forms, then X is called a linear star-configuration in Pn of type (r, s) (see
also [2, 3, 17, 18]).
Recently, the minimal free resolution for the ideal IX of some specific star-configurations were found.
More precisely, in [3], the authors found the minimal free resolution of the ideal of a star-configuration in
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Pn of type (2, s). In [9], the authors found the minimal free resolutions of the ideal IX of a linear star-
configuration X in Pn of type (r, s) and the 2-nd symbolic power of IX. Moreover, they showed that a linear
star-configuration X in Pn is arithmetically Cohen-Macaulay (aCM for short).
In Section 2 we find the minimal generators of the ideal IX of a star-configuration X in Pn of type (r, s)
defined by s general forms in R. In Section 3 we find the minimal free resolution of the ideal IX using
Eagon-Northcott resolution (see Theorem 3.6), which generalises the results of [2, 9]. We also prove that
every star-configuration is aCM (see Theorem 3.6), which generalises the interesting result of [9].
As an application, we discuss the weak Lefschetz-property in Section 4. This fundamental property has
been studied by many authors (see [1, 2, 5, 10, 11, 13, 15, 16, 18]). In [18], the author proved that if X is the
union of two star-configurations in P2 defined by linear forms and quadratic forms and σ(X) 6= σ(Y), then
R/(IX+IY) has the weak Lefschetz property. In this section we also find another Artinian ring R/(IX+IY)
having the weak Lefschetz property without the condition σ(X) 6= σ(Y) (see Proposition 4.11). We also
prove that if X and Y are star-configurations in P2 of type (2, s) and (2, s+1) defined by forms F1, . . . , Fs,
and G1, . . . , Gs, L in R = k[x0, x1, x2], respectively, with deg(Fi) = deg(Gi) ≤ 2 for i = 1, . . . , s, and L
is a general linear form in R, then R/(IX + IY) has the weak Lefschetz property with a Lefschetz element
L (see Theorem 4.17), which generalises the result of [18].
2. THE MINIMAL GENERATORS OF THE IDEAL OF A STAR-CONFIGURATIONS IN Pn
Definition-Remark 2.1. Let R = k[x0, x1, . . . , xn] be a polynomial ring over a field k. For positive
integers r and s with 1 ≤ r ≤ min{n, s}, suppose F1, . . . , Fs are general forms in R of degrees d1, . . . , ds,
respectively. We call the variety X defined by the ideal⋂
1≤i1<···<ir≤s
(Fi1 , . . . , Fir )
a star-configuration in Pn of type (r, s). In particular, if F1, . . . , Fs are general linear forms in R, then we
call X a linear star-configuration in Pn of type (r, s).
Notice that each n-forms Fi1 , . . . , Fin define di1 · · · din points in Pn for each 1 ≤ i1 < · · · < in ≤ s.
Thus the ideal ⋂
1≤i1<···<in≤s
(Fi1 , . . . , Fin)
defines a finite set X of points in Pn with
deg(X) =
∑
1≤i1<i2<···<in≤s
di1di2 · · · din .
Lemma 2.2. Let F1, . . . , Fs, G1, . . . , Gt be general forms in R = k[x0, x1, . . . , xn] with s ≥ 1 and n ≥ 2.
Then ⋂
1≤i≤s
(Fi, G1, . . . , Gt) =
(
s∏
ℓ=1
Fℓ, G1, . . . , Gt
)
for 0 ≤ t ≤ n− 1.
Proof. We shall prove this by induction on s. If s = 1, then it is clear. So we assume that s > 1. Then, by
induction on s, ⋂
1≤i≤s(Fi, G1, . . . , Gt)
=
[⋂
1≤i≤s−1(Fi, G1, . . . , Gt)
]⋂
(Fs, G1, . . . , Gt)
=
(∏s−1
ℓ=1 Fℓ, G1, . . . , Gt
)⋂
(Fs, G1, . . . , Gt).
First, it is obvious that(∏s
ℓ=1 Fℓ, G1, . . . , Gt
)
⊆
(∏s−1
ℓ=1 Fℓ, G1, . . . , Gt
)⋂
(Fs, G1, . . . , Gt).
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Conversely, assume that F ∈
(∏s−1
ℓ=1 Fℓ, G1, . . . , Gt
)⋂
(Fs, G1, . . . , Gt). Then, for some Hi,Ki, Li,Mi ∈
R,
F =
(∏s−1
ℓ=1 Fℓ
)
H1 +K1G1 + · · ·+KtGt = FsMs + L1G1 + · · ·+ LtGt.
Moreover, since n ≥ t + 1, the forms
∏s−1
ℓ=1 Fℓ, Fs, G1, . . . , Gt are general forms in R. We thus get that
H1 ∈ (Fs, G1, . . . , Gt), and F ∈
(∏s
ℓ=1 Fℓ, G1, . . . , Gt
)
, as we wished. 
Theorem 2.3. Let F1, . . . , Fs, G1, . . . , Gt be general forms in R = k[x0, x1, . . . , xn] for s ≥ 2, t ≥ 0, and
n ≥ 2. Then ⋂
1≤j1<···<jr≤s
(Fj1 , . . . , Fjr , G1, . . . , Gt) =
∑
1≤i1<···<ir−1≤s
( ∏s
ℓ=1 Fℓ
Fi1 · · ·Fir−1
, G1, . . . , Gt
)
for 1 ≤ r ≤ n− t.
Proof. We shall prove this by double induction on r and s. If r = 1, then by Lemma 2.2, it holds for every
s ≥ 1. Now assume r > 1. If s = 2, then it is immediate. Let s > 2. By double induction on s and r,⋂
1≤j1<···<jr≤s
(Fj1 , . . . , Fjr , G1, . . . , Gt)
=
[ ⋂
1≤j1<···<jr≤s−1
(Fj1 , . . . , Fjr , G1, . . . , Gt)
]⋂[ ⋂
1≤j1<···<jr−1≤s−1
(Fj1 , . . . , Fjr−1 , Fs, G1, . . . , Gt)
]
=
[ ∑
1≤i1<···<ir−1≤s−1
( ∏s−1
ℓ=1 Fℓ
Fi1 · · ·Fir−1
, G1, . . . , Gt
)]⋂[ ∑
1≤i1<···<ir−2≤s−1
( ∏s−1
ℓ=1 Fℓ
Fi1 · · ·Fir−2
, Fs, G1, . . . , Gt
)]
.
First, note that∑
1≤i1<···<ir−1≤s
( ∏s
ℓ=1 Fℓ
Fi1 · · ·Fir−1
, G1, . . . , Gt
)
⊆
[ ∑
1≤i1<···<ir−1≤s−1
( ∏s−1
ℓ=1 Fℓ
Fi1 · · ·Fir−1
, G1, . . . , Gt
)]⋂[ ∑
1≤i1<···<ir−2≤s−1
( ∏s−1
ℓ=1 Fℓ
Fi1 · · ·Fir−2
, Fs, G1, . . . , Gt
)]
.
Conversely, assume that
F ∈
[ ∑
1≤i1<···<ir−1≤s−1
( ∏s−1
ℓ=1 Fℓ
Fi1 · · ·Fir−1
, G1, . . . , Gt
)]⋂[ ∑
1≤i1<···<ir−2≤s−1
( ∏s−1
ℓ=1 Fℓ
Fi1 · · ·Fir−2
, Fs, G1, . . . , Gt
)]
.
Then for some Ki1···ir−1 ,Mj1···jr−2 ,Hi, Li ∈ R,
F =
∑
1≤i1<···<ir−1≤s−1
∏s−1
ℓ=1 Fℓ
Fi1 · · ·Fir−1
·Ki1···ir−1 +
t∑
i=1
HiGi (2.1)
=
∑
1≤j1<···<jr−2≤s−1
∏s−1
ℓ=1 Fℓ
Fj1 · · ·Fjr−2
·Mj1···jr−2 + FsMs +
t∑
i=1
LiGi. (2.2)
Now we first show that, using two representation of F given in (2.1) and (2.2), Ki1...ir−1 belongs to the
ideal (Fi1 , . . . , Fir−1 , Fs, G1, . . . , Gt). Indeed if (i′1, i′2, . . . , i′r−1) 6= (i1, i2, . . . , ir−1), then∏s−1
ℓ=1 Fℓ
Fi′1Fi′2 · · ·Fi′r−1
∈ (Fi1 , Fi2 , . . . , Fir−1).
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So, ∑
1≤i′1<i
′
2<···<i
′
r−1≤s−1
(i′1,i
′
2,...,i
′
r−1)6=(i1,i2,...,ir−1)
∏s−1
ℓ=1 Fℓ
Fi′1Fi′2 · · ·Fi′r−1
·Ki′1i′2···i′r−1 ∈ (Fi1 , Fi2 , . . . , Fir−1). (2.3)
Moreover, we have that, for every 1 ≤ j1 < · · · < jr−2 ≤ s− 1,
{i1, . . . , ir−1}\{j1, . . . , jr−2} 6= ∅, i.e.,∑
1≤j1<···<jr−2≤s−1
∏s−1
ℓ=1 Fℓ
Fj1 · · ·Fjr−2
·Mj1···jr−2 ∈ (Fi1 , Fi2 , . . . , Fir−1).
It follows from the second representation of F in the equation (2.2) that
F =
∑
1≤j1<···<jr−2≤s−1
∏s−1
ℓ=1 Fℓ
Fj1 · · ·Fjr−2
·Mj1···jr−2 + FsMs +
t∑
i=1
LiGi.
∈ (Fi1 , Fi2 , . . . , Fir−1 , Fs, G1, . . . , Gt).
(2.4)
Recall that Fi1 , Fi2 , . . . , Fir−1 , Fs, G1, . . . , Gt are (r + t)-general forms in R with r + t ≤ n. Hence it
follows from the equations (2.1), (2.3), and (2.4) that
Ki1i2···ir−2ir−1 = Fi1Ni1 + Fi2Ni2 + · · ·+ Fir−1Nir−1 + FsNs +
t∑
i=1
N ′iGi
for some Nij , N ′i ∈ R. Thus we have
∏s−1
ℓ=1 Fℓ
Fi1Fi2Fi3 ···Fir−2Fir−1
·Ki1i2i3···ir−2ir−1
=
∏s−1
ℓ=1 Fℓ
Fi1Fi2Fi3 ···Fir−2Fir−1
· (Fi1Ni1 + Fi2Ni2 + Fi3Ni3 + · · ·+ Fir−1Nir−1 + FsNs +
∑t
i=1N
′
iGi)
=
∏s
ℓ=1 Fℓ
Fi2Fi3 ···Fir−2Fir−1Fs
·Ni1 +
∏s
ℓ=1 Fℓ
Fi1Fi3 ···Fir−2Fir−1Fs
·Ni2 +
∏s
ℓ=1 Fℓ
Fi1Fi2Fi4 ···Fir−2Fir−1Fs
·Ni3 + · · ·+
∏s
ℓ=1 Fℓ
Fi1Fi2Fi3 ···Fir−2Fs
·Nir−1 +
∏s
ℓ=1 Fℓ
Fi1Fi2Fi3 ···Fir−2Fir−1
·Ns +
∏s−1
ℓ=1 Fℓ
Fi1Fi2Fi3 ···Fir−2Fir−1
·
∑t
i=1N
′
iGi
∈
∑
1≤k1<···<kr−1≤s
( ∏s
ℓ=1 Fℓ
Fk1 ···Fkr−1
, G1, . . . , Gt
)
.
(2.5)
This holds for arbitrary chosen (i1, . . . , ir−1) with 1 ≤ i1 < · · · < ir−1 ≤ s. This implies that
F ∈
∑
1≤i1<···<ir−1≤s
( ∏s
ℓ=1 Fℓ
Fi1 · · ·Fir−1
, G1, . . . , Gt
)
,
as we wished. This completes the proof. 
The following corollary is immediate from Theorem 2.3 .
Corollary 2.4. Let X be a star-configuration in Pn of type (r, s) defined by general forms F1, . . . , Fs in
R = k[x0, x1, . . . , xn] with 1 ≤ r ≤ min{s, n}. Then
IX =
⋂
1≤i1<···<ir≤s
(Fi1 , . . . , Fir ) =
∑
1≤j1<···<jr−1≤s
( ∏s
ℓ=1 Fℓ
Fj1 · · ·Fjr−1
)
.
Corollary 2.5. Let X be a linear star-configuration in Pn of type (n, s) defined by s general linear forms in
R = k[x0, . . . , xn] with s ≥ n ≥ 2. Then X has generic Hilbert function
HX : 1
(
1 + n
n
)
· · ·
(
(s− n) + n
n
) (
(s− n) + n
n
)
→,
4
i.e.,
HX(i) = min
{
deg(X),
(
i+ n
n
)}
for every i ≥ 0.
Proof. By Corollary 2.4, IX has exactly
( s
n−1
)
-generators in degree s − (n − 1). Thus HX(i) =
(i+n
n
)
for
i ≤ s− n. Moreover, since
HX(s− (n− 1)) =
(
s+ 1
n
)
−
(
s
n− 1
)
=
(
(s− n) + n
n
)
= deg(X),
we see that X has generic Hilbert function, as we wished. 
The following example shows that the Hilbert function of a star-configuration in Pn of type (n, s) is not
generic in general.
Example 2.6. Consider a star-configuration in P3 of type (3, 3) defined by 3 general quadratic forms. In
this case, IX has exactly 3 generators in degree 2, i.e., HX(2) =
(
5
3
)
− 3 = 7. But deg(X) = 8, and so the
Hilbert function of X is
HX : 1 4 7 8 →,
which is not generic.
3. THE MINIMAL FREE RESOLUTION OF A STAR-CONFIGURATION IN Pn
We first recall from [12] the following result.
Proposition 3.1. Let IC be a saturated ideal defining a codimension c subscheme C ⊆ Pn. Let IS ⊂ IC be
an ideal which defines an aCM subscheme S of codimension c− 1. Let F be a form of degree d which is not
a zero divisor on R/IS . Consider the ideal I ′ = F · IC + IS and let C ′ be the subscheme it defines. Then
I ′ is saturated, hence equal to IC′ , and there is an exact sequence
0→ IS(−d) → IC(−d)⊕ IS → IC′ → 0.
In particular, since S is an aCM subscheme of codimension one less than C , we see that C ′ is an aCM
subscheme if and only if C is. Also
degC ′ = degC + (degF ) · (degS).
Furthermore, as sets on S, we have C ′ = C ′ ∪HF , where HF is the hyper surface section cut out on S by
F . The Hilbert function HC′ of R/IC′ is
HC′(t) = HS(t)− HS(t− d) + HC(t− d).
Remark 3.2. The construction in Proposition 3.1 is often referred to as Basic Double G-Linkage.
Theorem 3.3 ([2, Theorem 2.1]). Let X be a star-configuration in Pn of type (2, s) defined by general forms
in R = k[x0, x1, . . . , xn] of degrees d1, . . . , ds, and let d = d1 + d2 + · · · + ds. Then the minimal free
resolution of R/IX is
0 → Rs−1(−d) →
⊕s
i=1R(−(d− di)) → R → R/IX → 0.
Remark 3.4. Let L1, . . . , Ls be general linear forms in R = k[x0, x1, . . . , xn], and let Y be a star-
configuration in Pn of type (2, s) defined by forms Ld11 , . . . , Ldss of degrees d1, . . . , ds. By Theorem 3.1
in [3], R/IY has the same minimal free resolution as R/IX, where X is a star-configuration in Pn of type
(2, s) defined by general forms F1, . . . , Fs in R of degrees d1, . . . , ds, respectively. Using this result, we
obtain the following corollary for a specific case.
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Corollary 3.5. Let X be a star-configuration in Pn of type (2, s) defined by general forms F1, . . . , Fs in R
of degree d, and let Y be a star-configuration in Pn of type (2, s) defined by forms Ld1, . . . , Lds , where Li’s
are general linear forms in R. Then R/IX and R/IY have the same minimal free resolution.
Theorem 3.6. Let X(r,s) be a star-configuration in Pn of type (r, s) defined by general forms F1, . . . , Fs in
R = k[x0, x1, . . . , xn] of degrees d1, d2, . . . , ds, where 2 ≤ r ≤ min{s, n}, and let d = d1+ · · ·+ds. Then
the minimal free resolution of IX(r,s) is
0→ F
(r,s)
r → F
(r,s)
r−1 → · · · → F
(r,s)
1 → IX(r,s) → 0 (3.1)
where
F
(r,s)
r = Rα
(r,s)
r (−d),
F
(r,s)
r−1 =
⊕
1≤i1≤s
Rα
(r,s)
r−1 (−(d− di1)),
.
.
.
F
(r,s)
ℓ =
⊕
1≤i1<···<ir−ℓ≤s
Rα
(r,s)
ℓ (−(d− (di1 + · · · + dir−ℓ))),
.
.
.
F
(r,s)
2 =
⊕
1≤i1<···<ir−2≤s
Rα
(r,s)
2 (−(d− (di1 + · · ·+ dir−2))), and
F
(r,s)
1 =
⊕
1≤i1<···<ir−1≤s
R(−(d− (di1 + · · ·+ dir−1))),
with
α
(r,s)
ℓ =
(
s− r + ℓ− 1
ℓ− 1
)
and rankF(r,s)ℓ =
(
s− r + ℓ− 1
ℓ− 1
)
·
(
s
r − ℓ
)
for 1 ≤ ℓ ≤ r. In particular, the last free module F(r,s)r has only one shift d, i.e., a star-configuration X(r,s)
in Pn is level. Furthermore, any star-configuration X(r,s) in Pn is aCM.
Proof. We shall prove this by double induction on r and s. If r = 2, then, by Theorem 3.3, the result
holds. Now assume r > 2. Let X(r,s−1) be a star-configuration in Pn of type (r, s − 1) and X(r−1,s−1) a
star-configuration in Pn of type (r−1, s−1) defined by general forms of degrees d1, . . . , ds−1, respectively.
For the initial case of s, i.e., r = s, the minimal free resolution of IX(r,s) is obtained from the Koszul-
complex generated by a regular sequence of general forms of degrees d1, . . . , ds, and so
α
(r,r)
ℓ = 1 =
(
ℓ− 1
ℓ− 1
)
and rankF(r,r)ℓ =
(
r
r − ℓ
)
=
(
ℓ− 1
ℓ− 1
)
·
(
r
r − ℓ
)
,
as we wished.
Now suppose r < s. By Proposition 3.1, we obtain the exact sequence
0→ IX(r−1,s−1)(−ds) → IX(r,s−1)(−ds)⊕ IX(r−1,s−1) → I → 0, (3.2)
where
I = Fs · IX(r,s−1) + IX(r−1,s−1) .
Notice that, by Corollary 2.4, I is the ideal of a star-configuration X(r,s) in Pn of type (r, s) defined by
general forms F1, . . . , Fs in R of degrees d1, . . . , ds, i.e., I = IX(r,s) . Let d′ = d1 + · · ·+ ds−1. By double
induction on r and s, we assume that
0→ F
(r−1,s−1)
r−1 → · · · → F
(r−1,s−1)
1 → IX(r−1,s−1) → 0, and
0→ F
(r,s−1)
r → · · · → F
(r,s−1)
1 → IX(r,s−1) → 0
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are free resolutions of X(r−1,s−1) and X(r,s−1), respectively, such that
F
(r−1,s−1)
r−1 = R
α
(r−1,s−1)
r−1 (−d′),
F
(r−1,s−1)
r−2 =
⊕
1≤i1≤s−1
Rα
(r−1,s−1)
r−2 (−(d′ − di1)),
.
.
.
F
(r−1,s−1)
ℓ =
⊕
1≤i1<···<i(r−1)−ℓ≤s−1
Rα
(r−1,s−1)
ℓ (−(d′ − (di1 + · · ·+ di(r−1)−ℓ))),
.
.
.
F
(r−1,s−1)
2 =
⊕
1≤i1<···<ir−3≤s−1
Rα
(r−1,s−1)
2 (−(d′ − (di1 + · · · + dir−3))),
F
(r−1,s−1)
1 =
⊕
1≤i1<···<ir−2≤s−1
R(−(d′ − (di1 + · · · + dir−2))),
and
F
(r,s−1)
r = R
α
(r,s−1)
r (−d′),
F
(r,s−1)
r−1 =
⊕
1≤i1≤s−1
Rα
(r,s−1)
r−1 (−(d′ − di1)),
.
.
.
F
(r,s−1)
ℓ =
⊕
1≤i1<···<ir−ℓ≤s−1
Rα
(r,s−1)
ℓ (−(d′ − (di1 + · · ·+ dir−ℓ))),
.
.
.
F
(r,s−1)
2 =
⊕
1≤i1<···<ir−2≤s−1
Rα
(r,s−1)
2 (−(d′ − (di1 + · · ·+ dir−2))),
F
(r,s−1)
1 =
⊕
1≤i1<···<ir−1≤s−1
R(−(d′ − (di1 + · · ·+ dir−1))).
By the mapping cone construction with equation (3.2), we obtain the following diagram:
0
↓
0 F
(r,s−1)
r (−ds)
↓ ↓
F
(r−1,s−1)
r−1 (−ds) F
(r,s−1)
r−1 (−ds)⊕ F
(r−1,s−1)
r−1
↓ ↓
.
.
.
.
.
.
F
(r−1,s−1)
1 (−ds) F
(r,s−1)
1 (−ds)⊕ F
(r−1,s−1)
1
↓ ↓
0 → IX(r−1,s−1)(−ds) → IX(r,s−1)(−ds)⊕ IX(r−1,s−1) → I → 0.
↓ ↓
0 0
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Hence we obtain a free resolution of I = IX(r,s) as
0→

 F
(r,s−1)
r (−ds)
⊕
F
(r−1,s−1)
r−1 (−ds)

→

F
(r,s−1)
r−1 (−ds)⊕ F
(r−1,s−1)
r−1
⊕
F
(r−1,s−1)
r−2 (−ds)

→ · · · →

F
(r,s−1)
2 (−ds)⊕ F
(r−1,s−1)
2
⊕
F
(r−1,s−1)
1 (−ds)


→ F
(r,s−1)
1 (−ds)⊕ F
(r−1,s−1)
1 → I → 0. (3.3)
Now consider a free module
F
(r,s)
ℓ = F
(r,s−1)
ℓ (−ds)⊕ F
(r−1,s−1)
ℓ ⊕ F
(r−1,s−1)
ℓ−1 (−ds),
=


⊕
1≤i1<···<ir−ℓ≤s−1
Rα
(r,s−1)
ℓ (−(d′ + ds − (di1 + · · · + dir−ℓ)))
⊕⊕
1≤i1<···<i(r−1)−ℓ≤s−1
Rα
(r−1,s−1)
ℓ (−(d′ − (di1 + · · · + di(r−1)−ℓ)))
⊕⊕
1≤i1<···<i(r−1)−(ℓ−1)≤s−1
Rα
(r−1,s−1)
ℓ−1 (−(d′ + ds − (di1 + · · · + di(r−1)−(ℓ−1)))).


(3.4)
for 1 ≤ ℓ ≤ s. Since d = d′ + ds, we can rewrite equation (3.4) as
F
(r,s)
ℓ =


⊕
1≤i1<···<ir−ℓ≤s−1
Rα
(r,s−1)
ℓ (−(d− (di1 + · · ·+ dir−ℓ)))
⊕⊕
1≤i1<···<i(r−1)−ℓ≤s−1
Rα
(r−1,s−1)
ℓ (−(d− (di1 + · · ·+ di(r−1)−ℓ + ds)))
⊕⊕
1≤i1<···<ir−ℓ≤s−1
Rα
(r−1,s−1)
ℓ−1 (−(d− (di1 + · · ·+ dir−ℓ)))


=


⊕
1≤i1<···<ir−ℓ≤s−1
Rα
(r−1,s−1)
ℓ−1 +α
(r,s−1)
ℓ (−(d− (di1 + · · ·+ dir−ℓ)))
⊕⊕
1≤i1<···<i(r−1)−ℓ≤s−1
Rα
(r−1,s−1)
ℓ (−(d− (di1 + · · ·+ di(r−1)−ℓ + ds)))

 .
(3.5)
Now we shall prove that α(r,s)ℓ := α
(r−1,s−1)
ℓ−1 + α
(r,s−1)
ℓ = α
(r−1,s−1)
ℓ , i.e., F
(r,s)
ℓ is of the form
F
(r,s)
ℓ =
⊕
1≤i1<···<ir−ℓ≤s
Rα
(r,s)
ℓ (−(d− (di1 + · · · + dir−ℓ))).
If ℓ = 1, then by Corollary 2.4
α
(r,s)
1 = 1 =
(
s− r + 1− 1
1− 1
)
, i.e., rankF1 =
(
s
r − 1
)
=
(
s
r − 1
)
·
(
s− r + 1− 1
1− 1
)
.
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Now suppose 1 < ℓ < r. Then by double induction on r and s, we have that
α
(r−1,s−1)
ℓ−1 + α
(r,s−1)
ℓ =
(
(s− 1)− (r − 1) + (ℓ− 1)− 1
(ℓ− 1)− 1
)
+
(
(s − 1)− r + ℓ− 1
ℓ− 1
)
=
(
s− r + ℓ− 2
ℓ− 2
)
+
(
s− r + ℓ− 2
ℓ− 1
)
=
(
s− r + ℓ− 1
ℓ− 1
)
=
(
(s− 1)− (r − 1) + ℓ− 1
ℓ− 1
)
= α
(r−1,s−1)
ℓ ,
and hence
rankFℓ =
(
s− r + ℓ− 1
ℓ− 1
)
·
(
s
r − ℓ
)
.
Moreover, if ℓ = r, then it is from equation (3.3) and double induction on r and s that
α
(r,s)
r = α
(r,s−1)
r + α
(r−1,s−1)
r−1
=
(
s− 2
r − 1
)
+
(
s− 2
r − 2
)
=
(
s− 1
r − 1
)
= rankF
(r,s)
r ,
as we wished.
Now we shall prove that the free resolution in equation (3.3) is minimal. Since k is an infinite field, for
any 1 ≤ r ≤ min{s, n}, we can take an (s− r + 1)× s matrix A = [ai,j] such that any γ × γ minor is not
0 for some ai,j ∈ k and for every 1 ≤ γ ≤ s− r+ 1. Define a (s− r+ 1)× s matrix M = [ai,jFj ]. Then,
a γ × γ-minor of M is of the form
det

 ai11,j1Fj1 · · · ai1,jγFjγ. . .
aiγ ,j1Fj1 · · · aiγ ,jγFγ


= det

 ai11,j1 · · · ai1,jγ. . .
aiγ ,j1 · · · aiγ ,jγ

 · Fj1 · · ·Fjγ .
Since any γ×γ minor of the matrixA is not 0, by Corollary 2.4 we get that the ideal generated by all maximal
minors of the matrix M is IX. Since depth IX = r, by Corollary A2.12 in [8] the graded Betti numbers of
the homogeneous coordinate ring of X := X(r,s) are those given by the Eagon-Northcott resolution of the
γ × γ minors of M . In other words, the free resolution of IX in equation (3.3) is minimal. Moreover, since
the last free module F(r,s)r has only one shift d, any star-configuration X(r,s) in Pn is level.
For the last assertion, recall that, by Theorem 3.3, any star-configuration in Pn of type (2, s) (i.e., codi-
mension 2) is aCM. Suppose r > 2. If r = s, then X(r,s) is a complete intersection, i.e., X(r,s) is aCM. If
r < s, then by double induction on r and s, we assume that X(r−1,s−1) and X(r,s−1) are aCM, and so, by
Proposition 3.1, X(r,s) is also aCM, which completes this theorem. 
As a corollary, we obtain the result in [9] with d1 = · · · = ds = 1 in Theorem 3.6 and we omit the proof.
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Corollary 3.7 ([9, Remark 2.11]). Let X := X(r,s) be a linear star-configuration in Pn of type (r, s) with
1 ≤ r ≤ min{s, n}. Then the minimal free resolution of IX is given by
0→ F
(r,s)
r → F
(r,s)
r−1 → · · · → F
(r,s)
1 → IX(r,s) → 0
in Theorem 3.6 with d1 = · · · = ds = 1.
4. THE WEAK-LEFSCHETZ PROPERTY
A graded Artinian k-algebra A =
⊕s
i=0Ai (As 6= 0) has the weak-Lefschetz property if the homomor-
phism (×L) : Ai → Ai+1, induced by multiplication by a linear form L, has maximal rank for each i. In
this case, we call L a Lefschetz element.
We first recall a question in [2].
Question 4.1 ([2, Question 1.3]). Let X := X(2,s) and Y := X(2,t) be star-configurations in P2 of type (2, s)
and (2, t) defined by general forms of degree d ≥ 1 with s ≥ 3. Does an Artinian ring R/(IX + IY) have
the weak-Lefschetz property?
We revise the above question to a more general question as follows.
Question 4.2. Let X := X(n,s) and Y := X(n,t) be star-configurations in Pn of type (n, s) and (n, t) defined
by general forms of degree d ≥ 1. Does the Artinian ring R/(IX + IY) have the weak-Lefschetz property?
We start with a proposition on the weak-Lefschetz property from [10] and provide an answer to Ques-
tion 4.2 for d = 1. Let X be a finite set of points in Pn and define
σ(X) = min{ i | HX(i− 1) = HX(i)}.
Proposition 4.3 ([10, Proposition 5.15]). Let X be a finite set of points in Pn and let A be an Artinian
quotient of the coordinate ring of X. Assume that HA(i) = HX(i) for all 0 ≤ i ≤ σ(X) − 1. Then A has
the weak-Lefschetz property.
By the same argument as in the proof of Theorem 4.2 in [2] , we obtain the following theorem immediately
and thus omit the proof.
Theorem 4.4. Let X := X(n,s) and Y := X(n,t) be linear star configurations in Pn of type (n, t) and (n, s)
with s ≥ t ≥ n, respectively. Then an Artinian ring R/(IX + IY) has the weak-Lefschetz property.
We also recall the following remark in [2].
Remark 4.5 ([2, Remark 4.3]). If X(n,s) and X(n,t) are not linear star-configurations in Theorem 4.4, then
Theorem 4.4 may not hold in general. For example, assume that X := X(2,4) and Y := X(2,4) are star-
configurations in P2 of type (2, 4) defined by general forms in R = k[x0, x1, x2] of degree 2. Then, by
Theorem 3.6, the Hilbert functions of R/IX and R/IY are
1 3 6 10 15 21 24 →,
and thus
σ(X) = σ(Y) = 7.
Furthermore, the Hilbert function of R/IX∪Y, obtained by CoCoA, is
1 3 6 10 15 21 28 36 45 48 →,
and thus
H(R/IX + IY, 6) = H(R/IX, 6) + H(R/IY, 6)− H(R/IX∪Y, 6)
= 24 + 24− 28
= 20
6= H(R/IX, 6).
This does not satisfy the conditions in Proposition 4.3, and thus we do not know if Theorem 4.4 still holds
for this case when X and Y are star-configurations in Pn defined by general forms of degree d with d ≥ 2.
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Theorem 4.4 gives a complete answer to Question 4.2 for d = 1. In other words, Question 4.1 for d > 1
is still open. Thus, we restate Question 4.1 as follows.
Question 4.6 (Restated Question 4.2). Let X := X(n,s) and Y := X(n,t) be star-configurations in Pn of type
(n, s) and (n, t), respectively, defined by general forms of degree d > 1. Does an Artinian ring R/(IX+IY)
have the weak-Lefschetz property?
Furthermore, we have the following question in general.
Question 4.7. Let X := X(n,s) and Y := X(n,t) be star-configurations in Pn of type (n, s) and (n, t) defined
by general forms of degrees d1, . . . , ds and d′1, . . . , d′t, respectively. Does an Artinian ring R/(IX+IY) have
the weak-Lefschetz property?
Now we move on to a more general case of the union of two star-configurations in P2 of type (2, s) with
s ≥ 2. In [18], the author found that if X and Y are star-configurations in P2 defined by general forms of
degrees ≤ 2 and σ(X) 6= σ(Y), then R/(IX + IY) has the weak-Lefschetz property.
Theorem 4.8 ([18, Theorem 3.3]). Let X := X(2,s) and Y := X(2,t) be star-configurations in P2 of type
(2, s) and (2, t) defined by general forms F1, . . . , Fs and G1, . . . , Gt in R = k[x0, x1, x2], respectively, with
s, t ≥ 3. Assume deg(Fi) ≤ 2 for i = 1, . . . , s and deg(Gj) ≤ 2 for j = 1, . . . , t. If σ(X) 6= σ(Y), then an
Artinian ring R/(IX + IY) has the weak-Lefschetz property.
Before we introduce a new Artinian quotient of a coordinate ring of a star-configuration in P2 having the
weak- Lefschetz property without the condition σ(X) 6= σ(Y), we need the following two propositions.
Proposition 4.9 ([18, Proposition 3.6]). Let X(2,s) be a star-configuration in P2 defined by general forms
F1, . . . , Fs of degrees 1 ≤ d1 ≤ · · · ≤ ds with s ≥ 3. Then
σ(X(2,s)) =
[∑s
i=1
di
]
− 1.
Proposition 4.10 ([18, Proposition 2.6]). If X(2,s) is a star-configuration in P2 of type (2, s) defined by
general forms F1, . . . , Fs of degrees 1 ≤ d1 ≤ · · · ≤ ds ≤ 2 with s ≥ 3, then X(2,s) has generic Hilbert
function. In particular, the Hilbert function of X(2,s) is
HX : 1
(
1 + 2
2
)
· · ·
(
2 + (d− 3)
2
)
deg(X(2,s)) →,
where d =
∑s
j=1 dj .
We now discuss an Artinian quotient of a coordinate ring of a star-configuration in P2 having the Weak
Lefschetz property without the condition σ(X) 6= σ(Y).
Proposition 4.11. Let X := X(2,s) and Y := X(2,t) be as in Theorem 4.8. Assume deg(Fi) = 1 for every
1 ≤ i ≤ s and deg(Gj) ≤ 2 for every 1 ≤ j ≤ t. Then R/(IX + IY) has the weak-Lefschetz property.
Proof. If σ(X) 6= σ(Y), then it is immediate from Theorem 4.4. Now assume that σ(X) = σ(Y), i.e.,∑s
i=1 deg(Fi) =
∑t
i=1 deg(Gi). It is from Proposition 4.10 that the Hilbert functions of X and Y are
HX : 1
(
1 + 2
2
)
· · ·
(
(s− 3) + 2
2
) (s−2)-nd
deg(X) →, and
HY : 1
(
1 + 2
2
)
· · ·
(
(s− 3) + 2
2
)
(s−2)-nd
deg(Y) → .
Note that
HX(s − 2) = deg(X) =
(
2 + (s− 2)
2
)
.
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In other words, IX has no generators in degree s− 2, and thus
H(R/(IX + IY), s − 2) = HY(s − 2).
Moreover, since
HX(i) = HY(i) =
(
2 + i
2
)
for 0 ≤ i ≤ s− 3, and so
H(R/(IX + IY), i) = HY(i) =
(
2 + i
2
)
.
Hence we get that
H(R/(IX + IY), i) = H(R/IY, i)
for every 0 ≤ i ≤ s− 2 = σ(Y)− 1. Furthermore, since
R/(IX + IY) ≃ (R/IY)/((IX + IY)/IY)
is an Artinian quotient of the coordinate ring R/IY, by Proposition 4.3 R/(IX+ IY) has the weak Lefschetz
property, as we wished. 
By Corollary 3.5, we often use a product of linear forms L1, . . . , Ld in R = k[x0, . . . , xn] instead of
general forms F of degree d to construct a star-configuration in Pn for this section. In [18], the author
showed that if X := X(2,s) is a star-configuration in P2 of type (2, s) defined by general quadratic forms
F1, . . . , Fs and Y := X(2,s+1) is a star-configuration in P2 of type (2, s + 1) defined by general quadratic
forms G1, . . . , Gs and a general linear form L, then an Artinian ring R/(IX + IY) has the weak-Lefschetz
property with a Lefschetz element L (see [18, Theorem 3.7]). We shall generalize this result with the
condition deg(Fi) = deg(Gi) ≤ 2 for every i = 1, . . . , s.
For the rest of this section, to distinguish two star-configurations, we shall use the following notations
and symbols for lines and points in pictorial description.
a solid line Li is a line defined by a linear form Li, and
a dashed line Mi is a line defined by a linear form Mi
for 1 ≤ i ≤ s with s ≥ 2. We also define that
Pi,j is a point defined by linear forms Li, Lj , and
Qi,j is a point defined by linear forms Mi,Mj
where Li, Lj and Mi,Mj are linear forms in R for 1 ≤ i < j ≤ s with s ≥ 2.
Lemma 4.12. Let X be the union of two star-configurations X1 := X(2,3) and X2 := X(2,2) in P2 of type
(2, 3) and (2, 2), respectively. Then X has generic Hilbert function
1 3 6 10 15 16 → .
Proof. Without loss of generality, we assume that X1 is defined by quadratic forms L1L2, L3L4, and L5L6,
where Li is a linear form defining a line Li for i = 1, . . . , 6, and that X2 is defined by quadratic forms
M1M2 and M3M4, where Mi is a linear form defining a line Mi for i = 1, . . . , 4. Furthermore, we assume
that L1 vanishes on four points in X1 and one point defined by two linear forms M1 and M4 in X2, and
that M2 vanishes on two points in X2 and one point defined by linear forms L3 and L6 in X1 (see Figure 1
again).
Let N ∈ (IX)4, then by Bezóut’s Theorem,
N = αL1L2M2L5
for some α ∈ k. Moreover, since N has to vanish on two more points P4,6, Q1,3 in X, where none of L1,
L2, M2, and L5 can vanish, we get that N = 0. Therefore, the Hilbert function of X is
1 3 6 10 15 16 →,
12
L1
L2
L5
L6
L3
L4
M1
M2
M3
M4
FIGURE 1.
as we wished. 
Theorem 4.13. Let X be the union of two star-configurations X1 := X(2,3) and X2 := X(2,3) in P2 of type
(2, 3). Then X has generic Hilbert function
1 3 6 10 15 21 24 → .
Proof. Without loss of generality, we assume that X1 and X2 are defined by quadratic forms LiLi+1 and
MiMi+1, respectively, for i = 1, 3, 5. (see Figure 2). We also assume that
a linear form L1 vanishes on 6 points P1,3, P1,4, P1,5, P1,6, Q1,6, Q2,5, and
a linear form L2 vanishes on 5 points P2,3, P2,4, P2,5, P2,6, Q2,6.
L1
L2
L5
L6
L3
L4
M1
M2
M3M4M5M6
FIGURE 2.
For every N ∈ R5, by Bezóut’s theorem,
N = αL1L2M3M4L5,
for some α ∈ k. Moreover, since N has to vanish on a point P3,6, where none of L1, L2,M3,M4, and L5
vanishes, we have N = 0. Hence the Hilbert function of X is of the form
HX : 1 3 6 10 15 21 · · · . (4.1)
Let Y1 := X1, and Y2 := X(2,2) be a star-configuration in P2 of type (2, 2) defined by quadratic forms
M1M2 and M3M4, respectively. Define Y := Y1 ∪ Y2. By Lemma 4.12 the Hilbert function of Y is
HY : 1 3 6 10 15 16 → . (4.2)
Let Z1 := X1 and Z2 be a star-configuration in P2 of type (2, 3) defined by M1M2,M3M4, and M5.
Define Z := Z1 ∪ Z2 (see Figure 2), and let G4 = M1 · · ·M4.
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Using equation (4.2) and the exact sequence
0 → R/IZ → R/IY
⊕
R/(M5, G) → R/(IY,M5, G) → 0,
we get that
H(R/IZ,−) : 1 3 6 10 15 − 20 →,
H(R/IY,−) : 1 3 6 10 15 16 16 →,
H(R/(M5, G4),−) : 1 2 3 4 4 4 4 →,
H(R/(IY,M5, G4),−) : 1 2 3 4 4 − 0 →,
H(R/(IY,M5),−) : 1 2 3 4 5 1 0 →.
Moreover, since H(R/(IY,M5), 5) = 1, we see that
H(R/IY,M5, G4), 5) = 0, or 1.
In other words, there are only two possible Hilbert functions for R/IZ:
(1) : 1 3 6 10 15 20 20 →, or
(2) : 1 3 6 10 15 19 20 → .
However, using the same argument as in the proof of Theorem 3.3 in [17], one can show that (1) is the
Hilbert function of Z.
Recall that X1 and X2 are star-configurations in P2 of type (2, 3) defined by quadratic forms LiLi+1 and
MiMi+1, respectively, for i = 1, 3, 5. Let X := X1 ∪ X2 and G4 = M1 · · ·M4.
By equation (4.1) and the following exact sequence
0 → R/IX → R/IZ
⊕
R/(M6, G) → R/(IZ,M6, G) → 0,
we get that
H(R/IX,−) : 1 3 6 10 15 21 − 24 →,
H(R/IZ,−) : 1 3 6 10 15 20 20 20 →,
H(R/(M6, G4),−) : 1 2 3 4 4 4 4 4 →,
H(R/(IZ,M6, G4),−) : 1 2 3 4 4 3 − 0 →,
H(R/(IZ,M6),−) : 1 2 3 4 5 5 0 0 →.
Moreover, since H(R/(IZ,M6), 6) = 0, we see that H(R/IZ,M6, G4), 6) = 0 as well. Thus the Hilbert
function of X is
H(R/IX,−) : 1 3 6 10 15 21 24 →,
as desired. 
By Bezóut’s Theorem and Theorem 4.13, we obtain the following proposition by double induction on d
and s and thus omit the proof.
Proposition 4.14. Let X be the union of two star-configurations in P2 of type (2, s) defined by general forms
in R = k[x0, x1, x2] of degree d with s ≥ 4 and d ≥ 2. Then
(IX)ds = {0}.
Lemma 4.15. Let X and Y be star-configurations in P2 of type (2, s) defined by general forms F1, . . . , Fs
and G1, . . . , Gs with s ≥ 3, respectively. Assume that
deg(Fi) = deg(Gi) =
{
1, for i = 1, . . . , ℓ,
2, for i = ℓ+ 1, . . . , s,
with 0 ≤ ℓ < s. Then
dimk(IX + IY)2s−ℓ−2 = 2(s − ℓ).
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Proof. We shall prove this by induction on s. If s ≥ 3 and ℓ = 0, then by Propositions 4.13 and 4.14, and
the exact sequence
0 → R/IX∪Y → R/IX ⊕R/IY → R/(IX + IY) → 0, (4.3)
we have
dimk(IX + IY)2s−ℓ−2 = dimk(IX + IY)2s−2 = 2s = 2(s − ℓ).
Assume 1 ≤ ℓ < s. If s = 3, then using the same idea as in the proof of Theorem 4.13, one can prove
that
dimk(IX∪Y)4−ℓ = dimk(IX∪Y)2s−ℓ−2 = 0,
and thus
dimk(IX + IY)2s−ℓ−2 = dimk(IX + IY)4−ℓ = 2(3− ℓ) = 2(s− ℓ).
Now suppose s > 3. Let F1 be a line defined by a linear form F1 and N ∈ (IX∪Y)2s−ℓ−2. Notice that F1
vanishes on (2s − ℓ− 1)-points on a line F1. By Bezóut’s Theorem, we have
N = F1N
′
for some N ′ ∈ R2s−ℓ−3. Let X′ and Y′ be star-configurations in P2 of type (2, s− 1) defined by F2, . . . , Fs
and G2, . . . , Gs, respectively. Then,
N ′ ∈ (IX′∪Y′)2s−ℓ−3
= (IX′∪Y′)2(s−1)−(ℓ−1)−2
= {0}, (by induction on s)
and thus (IX∪Y)2s−ℓ−2 = {0} as well. Therefore, using equation (4.3), we get that
dimk(IX + IY)2s−ℓ−2 = 2(s − ℓ),
which completes the proof of this lemma. 
Remark 4.16. Let X and Y be as in Lemma 4.15. Since (IX∪Y)2s−ℓ−2 = 〈F˜ℓ+1, . . . , F˜s, G˜ℓ+1, . . . , G˜s〉
and by Lemma 4.15, dimk(IX∪Y)2s−ℓ−2 = 2(s − ℓ), we see that the following 2(s− ℓ)-forms
F˜ℓ+1, . . . , F˜s, G˜ℓ+1, . . . , G˜s
are linearly independent.
We are now ready to prove the following theorem, which generalises Theorem 3.7 in [18].
Theorem 4.17. Let X be a star-configuration in P2 of type (2, s) defined by general forms F1, . . . , Fs and
Y be a star-configuration in P2 of type (2, s+ 1) defined by general forms G1, . . . , Gs and a general linear
form L. Assume that
deg(Fi) = deg(Gi) =
{
1, for i = 1, . . . , ℓ,
2, for i = ℓ+ 1, . . . , s,
where 0 ≤ ℓ < s. Then an Artinian ring R/(IX + IY) has the weak-Lefschetz property with a Lefschetz
element L.
Proof. First, by Proposition 4.9, we have σ(X) < σ(Y), and hence by Theorem 4.8, R/(IX + IY) has the
weak-Lefschetz property. It suffices to show that L is a Lefschetz element.
Note that the Hilbert function of R/(IX + IY) is of the form:
HR/(IX+IY)(−) : 1
(
1 + 2
2
)
· · ·
(
(2s − ℓ− 3) + 2
2
) (2s−ℓ−2)-nd(
(2s − ℓ− 2) + 2
2
)
− (s− ℓ) · · · .
(4.4)
We shall show that
dimk(IX + IY)2s−ℓ−1 = 4s − 3ℓ, i.e., HR/(IX+IY)(2s− ℓ− 1) =
((2s−ℓ−1)+2
2
)
− (4s− 3ℓ).
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Consider the following (4s− 3ℓ)-forms in (IX + IY)2s−ℓ−1
F˜1, · · · , F˜ℓ, x0F˜ℓ+1, x1F˜ℓ+1, x2F˜ℓ+1, . . . , x0F˜s, x1F˜s, x2F˜s, LG˜ℓ+1, . . . , LG˜s,
where
F˜i =
∏s
j=1 Fj
Fi
and G˜i =
∏s
j=1 Gj
Gi
,
for i = 1, . . . , s.
Suppose that
α1F˜1 + · · ·+ αℓF˜ℓ + α0ℓ+1x0F˜ℓ+1 + α1ℓ+1x1F˜ℓ+1 + α2ℓ+1x2F˜ℓ+1 + · · ·+
α0sx0F˜s + α1sx1F˜s + α2sx2F˜s + βℓ+1LG˜ℓ+1 + · · · + βsLG˜s = 0,
(4.5)
where αi, αij , βi ∈ k for every i, j. Since L is a linear factor of the form
α1F˜1+ · · ·+αℓF˜ℓ+α0ℓ+1x0F˜ℓ+1+α1ℓ+1x1F˜ℓ+1+α2ℓ+1x2F˜ℓ+1+ · · ·+α0sx0F˜s+α1sx1F˜s+α2sx2F˜s,
and L is a non-zero divisor of R/IX, we see that
βℓ+1G˜ℓ+1 + · · ·+ βsG˜s ∈ (IX)2s−ℓ−2.
Moreover, by Lemma 4.15 (see also Remark 4.16)
βℓ+1 = · · · = βs = 0.
Thus we rewrite equation (4.5) as
α1F˜1 + · · ·+ αℓF˜ℓ + α0ℓ+1x0F˜ℓ+1 + α1ℓ+1x1F˜ℓ+1 + α2ℓ+1x2F˜ℓ+1 + · · ·+
α0sx0F˜s + α1sx1F˜s + α2sx2F˜s = 0.
(4.6)
Note that Fj | F˜i for every j 6= i. Hence
F1 | α1F˜1,
and so α1 = 0. By the same method as above, one can show that α1 = · · · = αℓ = 0. Moreover, since
Fℓ+1 | (α0ℓ+1x0F˜ℓ+1 + α1ℓ+1x1F˜ℓ+1 + α2ℓ+1x2F˜ℓ+1),
and Fℓ+1 ∤ F˜ℓ+1, we get that
Fℓ+1 | (α0ℓ+1x0 + α1ℓ+1x1 + α2ℓ+1x2).
This implies that
α0ℓ+1 = α1ℓ+1 = α2ℓ+1 = 0.
By the same idea as above, one can show that
αij = 0
for every 0 ≤ i ≤ 2 and ℓ+ 1 ≤ j ≤ s, and thus
dimk(IX + IY)2s−ℓ−1 = 4s− 3ℓ.
In other words, the Hilbert function of R/(IX + IY) in degree 2s− ℓ− 1 is
HR/(IX+IY)(2s− ℓ− 1) =
((2s−ℓ−1)+2
2
)
− (4s− 3ℓ). (4.7)
Now we shall show that L is a Lefschetz element of R/(IX + IY). Note that
IX + IY = (F˜1, . . . , F˜s, LG˜1, . . . , LG˜s,
∏s
i=1Gi).
Consider a multiplication map by L
× L : (R/(IX + IY))2s−ℓ−2 → (R/(IX + IY))2s−ℓ−1 (4.8)
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and let N ∈ Ker(×L). Then
N · L ∈ (IX + IY)2s−ℓ−1
= 〈F˜1, · · · , F˜ℓ, x0F˜ℓ+1, x1F˜ℓ+1, x2F˜ℓ+1, . . . , x0F˜s, x1F˜s, x2F˜s, LG˜ℓ+1, . . . , LG˜s〉.
This implies that for some α1, . . . , αℓ ∈ k, Kℓ+1, . . . ,Ks ∈ R1, and βℓ+1, . . . , βs ∈ k,
N · L =
∑ℓ
i=1
αiF˜i +
∑s
i=ℓ+1
KiF˜i +
∑s
i=ℓ+1
βiLG˜i,
i.e., (
N −
∑s
i=ℓ+1
αiG˜i
)
· L =
∑ℓ
i=1
αiF˜i +
∑s
i=ℓ+1
KiF˜i ∈ IX.
In other words, N −
∑s
i=ℓ+1 αiG˜i is contained in the kernel of the multiplication map by L
×L : (R/IX)2s−ℓ−2 → (R/IX)2s−ℓ−1.
Since L is a general linear form in R1, this multiplication map by ×L
(R/IX)i → (R/IX)i+1
is injective for all i ≥ 0. It follows that
N −
s∑
i=ℓ+1
αiG˜i ∈ (IX)2s−ℓ−2,
and so
N ∈ (F˜ℓ+1, . . . , F˜s, G˜ℓ+1, . . . , G˜s)2s−ℓ−2.
Moreover, since F˜ℓ+1, . . . , F˜s ∈ (IX + IY)2s−ℓ−2, but G˜ℓ+1, . . . , G˜s /∈ (IX + IY)2s−ℓ−2, we get that
dimk[Ker(×L)]2s−ℓ−2 = s− ℓ.
Hence
dimk[Im(×L)]2s−ℓ−1 = HR/(IX+IY)(2s − ℓ− 2)− dimk[Ker(×L)]2s−ℓ−2
=
[(2s−ℓ−2)+2
2
)
− (s− ℓ)
]
− (s− ℓ)
=
((2s−ℓ−1)+2
2
)
− (2s − ℓ)− 2(s − ℓ)
=
((2s−ℓ−1)+2
2
)
− (4s − 3ℓ)
= HR/(IX+IY)(2s − ℓ− 1), (by equation (4.7)).
This indicates that the multiplication map by L in equation (4.8) is surjective.
Now consider the following exact sequence:
0 → ((IX + IY : L)/(IX + IY))d−1 → Ad−1
×L
→ Ad → (A/LA)d → 0.
Since the multiplication map by L is surjective in degree 2s− ℓ− 2, we have
dimk(A/LA)d = 0
for d ≥ 2s − ℓ − 1. This means the multiplication map by L is surjective in degrees d ≥ 2s − ℓ − 2.
Therefore, L is a Lefschetz element of A. This completes the proof. 
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